AD—A099  367  WISCONSIN  UNIV-MADISON  MATHEMATICS  RESEARCH  CENTER  F/6  12/1 

MULTIPLE  PERIODIC  SOLUTIONS  FOR  AN  ASYMPTOTICALLY  LINEAR  WAVE  E— £TC(U> 
FEB  81  K  C  CHANG*  S  P  WU*  S  LI  DAAG29-80-C-0041 

UNCLASSIFIED  MRC-TSR-2179  NL 


UNIVERSITY  OF  WISCONSIN-MADISON 
MATHEMATICS  RESEARCH  CENTER 


MULTIPLE  PERIODIC  SOLUTIONS  FOR  AN 
ASYMPTOTICALLY  LINEAR  WAVE  EQUATION 

K.  C.  Chang*,  S.  P.  Wu**  and  Shujie  Li*** 

Technical  Summary  Report  #2179 
February  1981 

\  ABSTRACT 

Two  kinds  of  existence  of  multiple  periodic  solutions  for  an  asymp¬ 
totically  linear  wave  equation  are  studied.  The  first  concerns  the 
existence  of  at  least  three  distinct  solutions  without  any  group  symmetry 
assunqptions  on  the  nonlinear  term.  The  second  deals  with  an  estimation 
of  the  number  of  solutions  based  on  the  asymptotic  behaviour  of  the  non¬ 
linear  term  at  zero  and  at  infinity  under  an  oddness  assumption.^ 


AMS  (MOS)  Subject  Classifications:  47H15,  35A15,  35J65 

Key  Words:  periodic  solutions,  nonlinear  wave  equation,  critical 

point,  duality  argument,  saddle  point,  multiple  solutions 

Work  Unit  Number  1  (Applied  Analysis) 


*K.  C.  Chang,  Department  of  Mathematics ,  Peking  University,  Peking,  China 

**S.  P.  Wu,  Hong  Chow  University,  Hong  Chow,  China 

Courant  Institute  of  Mathematical  Science,  251  Mercer  Street, 

New  York,  New  York,  10012 

***Shujie  Li,  Institute  of  Mathematics,  Academia  Sinica,  Peking,  China 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041 


SIGNIFICANCE  AND  EXPLANATION 


Periodic  solutions  for  nonlinear  wave  equation  are  studied  by  many 
authors  in  recent  years .  Most  results  concern  the  existence  of  a  non¬ 
trivial  solution.  In  this  paper,  we  present  two  methods  to  look  for  more 
solutions . 
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MULTIPLE  PERIODIC  SOLUTIONS  FOR  AN 
ASYMPTOTICALLY  LINEAR  WAVE  EQUATION 


K.  C.  Chang*,  S.  P.  Wu**  and  Shujia  LI*** 

In  this  paper,  we  study  the  existence  of  Multiple  periodic  solutions  of  the  following 
asymptotically  linear  wave  equation! 


Utt  ”  Uxx  +  “  0 

(t,x)  e  Q  -  (0,2w )  x  (0,«) 

u(0,t)  -  u(»,t)  -  0 

t  e  [0,2V] 

(1) 

u(x,0)  -  u(x,2* ) 

where  g  e  C1 (Q  x  R1 ,  R1 ) ,  with  further  additional  assumptions. 

Two  kinds  of  results  are  concerned! 

(1)  The  existence  of  at  least  three  distinct  solutions  of  the  equation  (0.1).  The 
proof  does  not  depend  on  any  kind  of  ayasetry  assumptions  on  g. 

(2)  An  estimation  of  the  number  of  solutions  of  (0.1),  based  on  the  asymptotic 
behaviour  of  g  at  u  ■  0  and  at  u  -  ",  under  an  oddness  assumption  on  g. 

In  case  (1),  a  topological  lemsui  is  needed  which  is  due  to  A.  Castro,  A.  C.  Laser  [4] 
and  X.  C.  Chang  [5] ,  and  which  reads  as  follows. 

Lenma.  Suppose  that  f  is  a  C2  real  valued  function  defined  on  h".  Assume  that 
f  is  bounded  below,  satisfiee  the  Palais-Smale  condition!  and  that  B  is  a  nondegenerate , 
non-minimum  critical  point  of  f  /  then  there  exist  at  least  three  distinct  critical  points 
of  f. 

For  simplicity,  we  express  our  result  in  case  where  g  depends  on  u  only.  A 
typical  result  is  the 
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Theorem  1.  Suppose  that  g  e  C1  (m1 ) ,  satisfies  the  following  conditional 
(g1 )  0  >  0  such  that 

0  <  g1  (u)  <  0,  g<0)  -  0,  g(*»)  ■  *■  » 

(g2)  g(u)/u  <  y  <  3  as  |u|  large  enough  j 

(g3>  g(u)/u  >  p  >  3  as  |u|  snail  enough  > 

<g4)  g’<0)  4  <>(-□)  -  {k2  -  l2ltk,j>  e  s  X  M*} 

where  S  is  the  integer  ring,  M*  denotes  the  positive  integer  group;  and  y,p  are 
constants • 

Then  the  equation  (0.1)  has  at  least  three  distinct  solutions. 

In  case  (2),  let  f&  ■  (x|f(x)  <  a}  and  y( •)  be  the  genus  of  a  set.  Then  according 
to  Clark  [6]  ,  the  two  nuabers  (if  they  exist), 

i  (f)  -  list  y(t  ) 
a«-0 

i  <f)  -  lia  y(t  ) 

determine  lower  bounds  for  the  number  of  critical  points  of  a  functional  f,  which  is 
even,  C1,  satisfies  the  P.S.  condition  and  f(0)  -  C.  Namely,  Clark  proved  that  there 
are  at  least  < i 1 ( f)  -  i2(f))  pairs  of  distinct  critical  points  of  f  with  critical 
values 

c  -  inf  Sup  f(x)  for  i_(f)  <  m<  i,  (/) 
m  ,Y(h)>a  xcA 

A  typical  result  in  this  case  is  the 

Theorem  4.  Suppose  that  g  e  C1  (a1 ) ,  odd,  satisfies  the  conditions 
( g1 ’ )  g(u)  is  strictly  increasing  with  g(0)  “  0 

( g_ • )  a  a  such  that  the  limit  a  “  +  0  exists  and  lies  in  the  interval 

2  VI 9  JL®  U 

*Xa,XmM*'  whare  0  <  1,  <  X2  <  X3  <  ...  are  the  positive  eignevalues  of 
(g3‘)  a  k  such  that  X^  <  g’  (0)  <  XJcf1 
Then  the  equation  (0.1)  has  at  least  2|k  -  a|  solutions  provided 

<Xk'Xk+1)  n  (Xa'Xmf1  >  *♦  X0  “  °* 

The  paper  is  divided  into  three  parts.  fl  deals  with  the  ease  (1),  where  a 

combination  of  the  saddle  point  reduction  (eg.  of.  CD),  and  a  "duality"  argument  due  to 
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Ekeland  [7]  and  Brezis.Coron,  Mirenberg  [3],  la  uaad.  I 2  praaanta  applications  of  tha 
Clark  critarial  to  tha  aquation  (0.1),  our  problems  again  baing  raduoad  to  f  ini  to 
dimensional  ones  by  tha  abova  r  a  duct  ion.  13  oonaiata  of  r— »rlra.  in  which  wa  give  tha 
ganaraliaad  formulation  of  tha  thaoraaa  proved  in  II  and  12.  Our  aathod  can  alao  l*  uaad 
to  attack  Hamiltonian  ay atoms. 

Ho  express  our  grataful  thanks  to  Frofassor  H.  Brszis,  who  auggaata  tha  problem  in 
caaa  (1).  Ho  alao  wish  to  thank  Prof.  L.  Nirenberg  and  P.  Rabinowita  for  thair 
ancouragaaont  and  help. 

11.  The  proof  of  Theorem  1. 

Tha  proof  of  Theorem  1  ia  divided  into  tha  following  four  atapai 
1*  Lot  h  «  g  \  than  h  c  C1 (H1 ),  and  aatiafiaai 


(I1) 

j-  <  h*(t)  < 

h(0)  - 

0  i 

<2*> 

Ml Ly 

t 

i  >  1 

T  3 

for 

iti 

large  enough  i 

<3«) 

MH< 

t 

i  <  1 

P  3 

for 

iti 

small  enough  i 

(4*)  h* (0 )  4  1  ;  1  ■  I  j  *  k,  (j  -  k)  e  H*  *  z}  . 

*  -  r 

2*  Let  O  be  the  linear  differential  operator i  — —  -  — with  domain i 

2  -  8t  ** 

D(O)  -  (u  e  C  (Q)|  2a  periodic  in  t,  Yx  a  [o,a]  and 

u(0,t)  ■  u(a,t)  «  0  V  t  c  [0,2a]},  and  let  A  be  tha  aalf  adjoint  extension  of  □  on 

tha  Hilbert  space  L2(Q).  Ha  denote  tha  range  of  A  by  R(A) ,  and  tha  null  space  of  A 

by  H(A).  Let  X  be  tha  inverse  of  A,  defined  on  R(A)  “  N(A)A. 

Let 


H(t)  -  /  h(s)ds  , 
0 


(1) 


than  there  exists  a  constant  C  such  that 


H( t)  <  ^  t2  as  |t|  swell  enough.  (3) 

Froblaw  (1)  la  now  reduced  to  find  the  critical  pints  of  tha  functional 

f<v)  -  j  /  Xvv  +  J  H(  v)  (4) 

Q  Q 

on  tha  Hilbert  aubapaca  R(A),  or  equivalently,  to  find  tha  solution  of  tha  operator 
equation) 

Xv  +  Ph{  v)  -  0  (5) 

where  P  is  tha  orthogonal  projection  onto  the  aubapaca  R(A) ,  and  h(  )  is  tha  Heaytski 
operator  v  ♦  h(v(x)),  from  L2(Q)  into  itaelf. 

In  fact,  if  v*  is  a  critical  point  of  (4),  or  a  solution  of  (5),  letting 

u*  -  (I  -  PJhCv*)  -  Kv*  , 

wa  find 

u*  *  hCv*)  , 

and 

Au*  t  v*  «  0  ; 

i.a. 

Au*  ♦  g(u*)  *  0  . 

Since  the  operator  h(  )  is  invertible,  different  v*'s  correspond  to  different 

u*'s. 

3*  The  nonlinear  operator  Fh(  )  is  a  potential  operator  on  R(A) ,  with  potential 

/  H(v),  satisfyingi 

®  12 

j  lv1  -  Vjl  <  (Ph(Vj )  -  Ph(v2),  v?  -  v2)  . 

The  bounded  self-adjoint  operator  X  on  RCA)  has  only  finitely  nany  eigenvalues  in  the 
interval  (-«•,-  g-]  and  each  is  of  finite  Multiplicity . 

Suppose  that  is  tha  spectruw  resolution  of  X,  and  let 

•  "j 

P+  -  /  *"  -  / 

1  *  * 

0 

where  with  no  loss  of  generality  we  nay  ensues  that  -  j  is  not  in  tha  spectrum  of  X. 

The  equation  CS)  now  is  equivalent  to  tha  systeai 


4- 


PKv  +  P  Ph(v)  -  0 


(6) 


P_Xv  +  P~Ph(v)  -  0  (7) 

Let  v  »  (Vj  ♦  Vj) ,  where  ▼1  -  p+v,  v2  -  p”v.  It  la  not  difficult  to  that  for 
flxad  Vj,  P+K  +  p+ph(v2  +  • )  la  a  atrongly  monotone  operator  on  the  Hilbert  aubapaee 
P+R(A).  Then  there  la  a  continuoua  function  ( v^)  with  v^(8)  -  6,  which  la  the 

unique  aolution  of  the  equation  (6)  for  fixed  v2  e  F~R(A).  New  the  equation  (5)  la 
equivalent  to  the  equation 

Xv2  +  p” Ph ( »1  ( Vj )  +  v2)  -  0  (8) 

Since  the  aubapaee  P“R(A)  ia  of  finite  diaenaion,  there  exiata  a  linear 

_N  -  N 

hoaeoawrphian  T  «  *  ♦  P  R(A),  a  -  ♦  v2  ■  Ta  -  £  a^,  where 

are  the  eigenvectora  of  the  operator  A  which  apan  the  whole  aubapaee  P~R(A) .  Let 

w(a)  ■  v1  •  Ta 

and 

v(a)  -  w(a)  +  Ta 

Define  a  f unction  on  jP  i 

a(a)  ■  r-  /  [Xv(a)»v(a)  +  2H(v(a)]dxdt  (9) 

2  C 

Me  ahall  prove  in  the  next  atep  that 

(I)  v(a)  e  C(^,C(Q)) 

(II)  v(x>  e  C1(KM,R(A))  with 

v'  (a)  -  -[P+X  +  P+Ph’<v<a))]-1P+Ph,(v(a))T  +  T 

(III)  h(v(a))  e  c’tl^RJA)) 

(IV)  at  <?{lP)  with 

d^a  -  T*  [XT*  +  P-Ph(v(a))l  , 

d*a  -  T*XT  +  T*p-Ph'  (v(a)Jv'  (a)  . 

Thu*,  equation  (8)  ia  exactly  the  ruler  equation  of  the  function  a,  i.e.  we  again 
reduce  the  aolvability  of  the  equation  (5)  into  a  problaa  of  finding  critical  point*  of  the 
function  a. 
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On  ana  hand,  according  to  tha  definition  of  a  and  the  inequality  (2),  we  find 
a(z)  >  •  «v(z)l2  -  Clv(z)l  -  ^  lv(z)l2  ♦  +* 

as  1*1  ♦  •.  The  function  ia  bounded  below. 

On  the  other  hand  8  is  a  critical  point  of  a  (see  (III)),  which  is 
nondegenerate.  In  fact  (cf.  (II)) 

v*  (6)  -  -(P+K  ♦  P+Ph,!0))‘1P+Ph' (8)T  +  T 

so  that 

^a<8)  -  T*(X  +  P-Ph*(0))T  (14)' 

provided  by  the  conautability  of  the  projection  operator  P+  and  the  operator 
(P+  K  +  P+Ph‘ (0))  1 ,  According  to  the  assumption  (4)  (cf.  (4')),  d2a(8)  is  invertible. 
Finally,  we  prove  that  8  is  not  a  minimum.  In  fact,  choosing  s  such  that 
-  t^,  where  is  an  eigenvector  corresponding  to  the  eigenvalue  -3  of  A,  and 

normalized,  so  that  we  have 

a( z)  -  \  (h* (0)  -  t2  +  0(t2)  <  0 

for  |t|  >0  small  enough. 

Now  our  conclusion  follows  from  the  lemma. 

4*  Prove 

(I)  v(z)  c  C(*N,C(Q)) 

From  the  equation  (6),  and  the  definition  of  v(z),  we  have 

P+Kv(z)  +  P+Ph(v(z) )  -  0 


L*. 


u(z)  -  (I  -  P+P)h(v(z) )  -  P+PKv(z) 


Then 


u(s)  -  h(v(z)) 


(10) 


Au( s)  -  A(P  -  P+P)h(v(a)>  -  P+v(s) 
•  (A?”)Ph(v(s))  -  P+v(z)  . 


and 


It  ia  known  that  v( z)  e  C(*N,R(A))/  that  h  map*  l2(Q)  into  itaal f  continuoualy, 
and  that  AP  e  £(R(a),R(a)).  Combining  with  tha  wall  known  proparty  of  tha  wave  operator 

[8]  i 

- 1  1/.  _ 

A  C  L(R(A),c'5Q>> 

wa  conclude 

u< a)  -  A-^ [(AP~)Ph(v(e))  -  P+v(a)J  e  C(RN,C(Q))  . 

According  to  (10),  wa  find  v(a)  -  g(u(a))  e  C(R?,C(Q)). 

(II)  v(a)  e  C1(KN,R(A)) 

Notice  that  tha  nonlinear  operator  v  ♦  h(v)  haa  a  Gateaux  derivative  h'(v),  which 

2  1 

ia  a  multiplication  operator  on  L(fi) .  Since  h'(t)  >  the  linear  operator 

P 

P+K  +  P+Ph'(v)  ia  poaitive  definite  on  tha  aubapace  P+R(A)»  the  inverae 

(P+K  +  P+Ph' (v) )  1  ia  wall  defined  and  bounded  on  P+R(A)  for  each  fixed  v  eL2(Q). 

|| 

For  every  h  e  R  ,  let 

A^w(z)  -  w(c  +  h)  -  w(a) ,  s>  -  AjW  (a)  ♦  Th  » 

He  have 

lAjW(a)  +  [P+K  +  P+Ph'(v(a))]"1P+Ph,(v(a))Thl  (11) 

<  CI[P+K  +  P+Ph'  (v(a) )] A  w(a)  +  P+Ph'(v(a))Thl 

n 

<  Cl  /  P+P[h*  (v(z)  +  tA.w(  a)  +  tTh)  -  h’  (v(a) ))  (A  w(  a)  +  Th)dtl 


<Cl' 


lh'(v(a)  +  tAhv(a))  -  h  (v(a))]dtl 


( Ihl 


+  IAhw(a)l) 


£ (IT(Q)) 


due  to  the  fact  that 


/  [P+K  +  P+Ph'  (v(a)  +  tAhv(a))]Ahv(a)dt 


-  P+Kv(a  +  h)  +  P+Ph( v(a  ♦  h))  -  P+Kv(a)  -  P+Ph(v(a>)  -  0. 

Since  h  e  C1 (R1 )  and  v(x)  t  CllP ,C{Q)) ,  for  every  e  >  0,  there  exiata  6  >  0,  such 
that 
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I 


Sup  lh'(v(z)  +^tihv(z)  -  h*(v(z))l  <  e/C1  for  Ihl  <  5 


0<t<1 


I*  (Q ) 


(12) 


Combining  (11)  with  (12),  we  have 


l^wtz)!  -  Ollhl ) 


and  thus 


li.w(z)  +  (P+K  +  P+Ph'<v(z))]"1p+Ph,(v(z))Thl  -  o(lhl) 
n 


This  proves  w  e  C1 (RN,P+R(A) )  with 


w'(z)  -  -[P+K  +  P+Ph‘(v(z)))-1P+Ph'(v(z))T 


1,_N 


Therefore  v(z)  e  C  (R  ,R(A))  and 


V (z)  -  w* (z)  +  T 


(III)  h(v( z) )  e  C1(RN,R(A)) 


In  fact. 


lh(v(z  +  h))  -  h(v(z) )  -  h'(v(z))v'(z)hl 

<  Sup  lh’(v(z)  +  tl  v( z) )  -  h* ( v( z) )l  I A  v( z) I 

0<t<1  "  X(L  (Q)) 


+  lh’(v(z))l  llv(z)  -  V(z)hl 

*«.  <Q>> 


Using  the  Inequality  (12)  again,  we  get  the  conclusion,  with 


d  h(v(z))  -  h'  (v(z))»v*  (z) 


(IV)  a  e  C2(RN)  with 


d^a(z)  »  T*  (KTj,  +  P  Ph(v(z) )  J 


and 


<^a(z)  -  T*XT  +  T*P~Ph'(v(z))v'(z)  . 

We  compute  directly, 

(  d^a.q)  -  (Kv(z)  +  Ph(v(z)),<v’(z),q))  V  q  €  I?  , 
where  <,>  denotes  the  duality  In  sP ,  and  {  ,  )  denotes  the  duality  in  l2(Q ) . 
However, 


(13) 


(14) 


(15) 
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'  . 


Thus 


Substituting  Into  (15), 


<  v1  (z)  ,q  >  ■  <  pV  (z) ,q  >  +  P  Tq 
Kw(z)  +  P+Ph(v(z))  ■  0 

Kviz)  Ph(v(z) )  -  P  (jCTz  +  Ph( v(  z) ) )  . 
we  obtain 


<d  a,q>  “  <  T*[KT  +  P  Ph(v(z)  )],q)  v  qe  RN 
z  z 

i.e.  (13)  holds#  Differentiating  again,  we  obtain 

d2a  -  T*KT  +  T*P~Ph(  v(  z) )  v*  (  z)  . 


§2#  The  case  g(u)  is  odd# 

Let  X  be  a  Banach  space.  Let  f  i  X  R1  be  a  C1 ,  even  function  satisfying  the 

Palais-Smale  condition;  and  let  f(8)  "  0.  He  have  mentioned  the  two  numbers 

i.(f)  -  lim  y(f  ) 

'  a+0-  * 


i,(f)  -  lim  Y  ( f  ) 

2  a*—  “ 

play  an  important  role  in  estimating  the  number  of  critical  points  of  f.  Moreover  it  1b 
easily  seen  that 

( 1 )  If  there  exists  a  subspace  Y  C  X  with  codim  Y  -  j  and  f|y  >  b  >  -  •»;  then 
l2(f>  <  j# 

(2)  If  there  exists  A  C  I,  the  family  of  all  symmetric  subsets  with  respect  to  the 

origin  in  X\l8},  such  that  y{h)  >  m  and  Sup  f(x)  <  0>  then  1 1 ( C )  >  m. 

XEA 

In  fact,  in  case  (1),  let  a  <  b,  then  f^  Y  -  <p .  This  implies  Pf^  C  yx\0,  where  P 

is  the  orthogonal  projection  onto  Y1.  There  Y  ( )  <  Y  (P*a )  <  j#  This  proves 

i 2(f)  <  j# 

In  case  (2)  there  exists  a  <  0  such  that  A  C  f  .  He  have  y(*  )  >  Y(A)  >  m  which 

*  a 

implies  i^(f)  >  m. 

For  a  C2  function  f  defined  on  R  ,  i,(f)  i2(f)  are  easily  estimated  by  the 

asymptotic  behaviour  of  f  at  8  and  at  "•  Let  ind  (A)  denote  the  maximal  dimension 
of  the  negative  eigenspace,  of  a  symmetric  matrix  A. 
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Leona  1.  Suppose  that  f  e  c2(tF,v}),  is  even/  f(8)  “  0/  and  that  f(x)  ♦  +  •  as 
Ixl  ♦  then  f  astisfies  the  P.8.  condition  with 

i,(f)  >  ind  (AQ) 

where  Afl  «  f"{8)/  and  * 

i2<«>  -  0 

(Trivial) . 

Lemma  2.  Suppose  that  f  e  C2(*n,R1)  is  asymptotically  quadratic,  with  an  invertible 
A^  such  that  ^  (A^X/X)  is  its  asymptotics  i.e.  If  (x)  -  A^xl  -  o(lxl)  as  Ixl  ♦  “. 

If  further,  f  is  even,  with  f(8)  -  0.  (Without  loss  of  generality,  we  may  assume  that 
ind  (Aq)  <  ind  (Aw),  for  otherwise,  we  consider  -f  instead  of  f).  Then  f  satisfies 
the  P.S.  condition,  with 

i,(f)  >  ind  (A0) 

and 

i2(f)  <  ind  (AJ 

The  conclusion  follows  directly  from  the  above  two  properties)  (1)  and  (2),  if  the 
P.S.  condition  is  verified  for  f. 

Suppose  that  {x^}"  C  Rn  is  a  sequence  such  that  (f(xn)  is  bounded  and  that) 

f'(x  )  ♦  8.  We  shall  prove  that  there  exists  a  convergent  subsequence, 
n 

Since  f  is  asymptotically  quadratic,  i.e. 

If'(x)  -  Ajcl  -  0(1x1)  as  Ixl  ♦  - 

and  A^  is  invertible,  for  each  {  >  0,  there  exists  a  constant  R  such  that 

lf'(x)l  >  Ia”1i”,IxI  -  «lxl  as  Ixl  >  R 
Letting  6  -  ^  I I  ,  we  have 

If  (x)l  >  ilxl  >  4R  as  Ixl  >  R 

Thus,  if  f'(x  )  8,  (x  }  must  be  bounded.  Therefore  a  convergent  subsequence  exists, 

n  n 

How  we  return  to  the  equation  (0.1).  Let 


3*  3*  \  2 

be  the  positive  eigenvalues  of  the  self-adjoint  operator  -O  “  ( ■■  -  —r)  in  l  (Q)  (the 

ix*  »t 

multiplicity  of  the  eigenvalue  is  counted)  and  let  XQ  “  0. 

Theorem  2.  Suppose  that  g  e  C1 (B1 )  is  odd,  and  satisfies  the  conditions 
(g^/Cgj)  and 

(g-)  **«»e<VW 

Then  the  equation  (0.1)  has  at  least  k  pairs  of  solutions. 

Proof.  All  the  assumptions  in  Theorem  1  are  fulfilled.  According  to  the  proof  in  11, 
the  problem  is  reduced  to  finite  dimensional  a  i  ♦  R1 ,  which  is  C*,  even  and 
satisfies: 

a(s)  ♦  +•  as  Isl  ♦  +«  , 

with  a( 8 )  -  0.  We  look  for  the  critical  points  of  a. 

Mow  the  conclusion  follows  from  the  Leama  1,  if  we  know 

ind  (a"(6) )  «  k  . 

To  this  end,  we  see  from  (14)' ,  that 

dja(6)  -  T*X*  +  T*p""ph'  (0 )T 

2 

Thus  the  maximal  dimension  of  the  negative  eigenspace  of  d2a(0)  is  exactly  k,  i.e. 
ind  (d^a(6) )  -  k. 

Theorem  3.  Suppose  that  ge  C1  (H1 )  is  odd,  and  satisfies  the  conditions  ( gt ) ,  ( gj ) 
with  some  positive  integer  M  such  that  0  e  >  and 

u  y  2 

(^)  a  constant  y  such  that  <  y  <  8  and  inf  {  J  g(s)ds  -  u  }  >  -•. 

Then  the  equation  (0.1)  has  at  least  M  -  X  pairs  of  solutions. 

Proof.  All  the  assumptions  of  Theorem  5,  Corollary  1  in  [5]  are  fulfilled.  The 
procedure,  reducing  to  the  finite  dimensional  case  now  is  only  done  by  the  saddle  point 
reduction.  The  index  of  the  Hessian  of  the  reduced  function  at  6  is  M  -  X  (cf.  (2, 
prop.  7.3]  )»  and  the  reduced  function  goes  to  infinite  at  “• 

Theorem  4.  Suppose  that  g  e  c’tB1),  is  odd,  and  satisfies  the  conditions 
(g,),(g’)  and 
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